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Introduction

These are notes supporting a minicourse given during the summer school “Mi-
crolocal and probabilistic methods in geometry and dynamics” in Jussieu. The
goal of this minicourse is to explain how spaces of anisotropic distributions
can be used to prove an asymptotic expansion for the correlations of transitive
Anosov diffeomorphisms (Theorem [L).

The spaces that we use are adapted from the ideas of [FR06] but the meth-
ods that we use to study the action of composition operators on these spaces
rather follow the strategy from [BT07, [BT08| [Ball8] based on Paley—Littlewood
decomposition.

1 Anosov diffeomorphisms

1.1 Definition and basic properties

Definition 1.1. Let M be a compact C* manifold. Endow M with any smooth
Riemannian metric. Let F : M — M be a C! diffeomorphism. We say that F
is Anosov if, for every x € M, there is a decomposition of the tangent space of
M at x in T,M = E* & E3, such that the following properties hold:

e invariance: for every z € M, we have D, F(EY) = E}., and D, F(E?) =
Efq;

e hyperbolicity: there are constants C, A > 1 such that for every z €
M,n € N,vs € E; and v,, € EY, we have:

Dy F™ - vs| < CAT" s and | Dy F7™ - vy | < CAT" vy

Remark 1.2. Notice that we make no regularity assumption on the stable and
unstable directions in Definition[T.1] However, one can prove from the definition
that EY and E depend continuously on x.

Example 1.3. Let d > 1. Let A € GL(d,Z) be an invertible matrix with
integer coefficients, whose inverse also has integer coefficients. The matrix A
induces a diffeomorphism F of the torus T¢ = RY/Z?, called a CAT map. Let
us prove that if A has no eigenvalue of modulus 1, then F' is Anosov.

Let E* denote the sum of the characteristic spaces of A corresponding to
eigenvalues of modulus greater than 1, and E° the sum of the characteristic



spaces of A corresponding to eigenvalues of modulus less than 1. Since A has
no eigenvalue of modulus 1, we have R? = E* @ E*. Moreover, E* and E° are
stable under the action of A, and the endomorphisms of F* and E* induced by
A have spectral radius respectively strictly greater than 1 and strictly less than
1.

Now, using the standard parallelization TT?% ~ T4 x R¢, the derivative of F
is just the map (x,v) + (Fz, Av). Thus, we can define for z € T¢ the stable
and unstable directions by E¥ = {z} x E* and E? = {x} x E*®. The invariance
and hyperbolicity properties follow then from the definition of E* and E*.

1.2 Stable and unstable manifolds

Proposition 1.4 (Local stable manifolds). Let M be a compact C™ manifold
and F a C* Anosov diffeomorphism on M. Let d be a distance associated to a
Riemannian metric on M. Then there is ¢ > 0 such that for every x € M the
set
Wi(z)={y€ M :d(F"z, F"y) < € for every n > 0}
is a C'°° manifold, called the local stable manifold of F' at x. Moreover:
o for every x € M and y € WZ(z), we have T,W;(x) = E;;

e there are C > 0 and 0 € (0,1) such that for every x € M,y € W2 (x) and
n >0 we have d(F™xz, F"y) < CO™d(x,y);

o the manifold W2 (z) depends smoothly on x.

See for instance [Yoc95, §3.5] for a proof of Proposition[1.4and the meaning
of the third point. By replacing F by F~!, one get a similar result for local
unstable manifolds

Wi(z)={ye M :d(F "z, F"y) < ¢ for every n > 0} for z € M.
The global stable manifold of x € M may then be defined as

We(z) = {y €M :d(F"x, F"y) e O}.
Notice then that if y € W*(z) then F"(y) € W5 (F"x) for n large enough, and
it follows that
W) = | F(W2(F"x)),
n>0
which implies that W#(z) is a C* immersed submanifold of M. One defines
similarly the global unstable manifold of x:

W(z) = {y eEM:d(F "z, F "y) — O} = U F"(WX(F™"x)).

n—-+oo
n>0

Provided that ¢ > 0 is small enough, for every x € M the manifolds
W (z) and W2(x) have a unique point of intersection, and this intersection
is transverse. It follows that there is 6 > 0 such that for every z,y € M
such that d(z,y) < ¢ the manifolds W2 (z) and W¥(y) have a unique point
of intersection [z,y]. Moreover, the map (x,y) — [z,y] is continuous from
{z,y € M;d(z,y) <} to M. Notice that [z, y] is a point whose orbit is asymp-
totic to the orbit of x in the future and to the orbit of y in the past. We will
use this construction in the proof of Lemma below.



1.3 Asymptotics of correlations

The goal of this minicourse is to give a proof in a particular case of the following
result.

Theorem 1 ([GLO6]). Let M be a compact C* manifold and F' : M — M be a
C® transitive Anosov diffeomorphism. There is a discrete bounded subset Res
of C\ {0}, and, for each \ € Res, a non-negative integer N(X), and N(X) +1
non-trivial continuous bilinear forms axp, ..., ax n(x) from C(M) x C*(M)
to C, such that for each f,g € C*°(M) and n > 0, we have

N

n _ kyn n
[ rorrads = ¥ S anlfantx+ 00, M
e

Remark 1.5. 1. To define the integral in the left hand side of , one can
use any smooth positive density equivalent to Lebesgue on M.

2. The elements of Res are called the (Ruelle-Pollicott) resonances of F'.

3. One can be slightly more precise, the bilinear forms ay x’s from Theorem
factorize through finite dimensional spaces. Thus, Theorem [1| can be
reformulated in the following way. For every n > 0, there are D > 0, a
D x D matrix B and two continuous linear maps P, Q from C*°(M) to
RP such that for every f,g € C°°(M) we have

[ forrgas = (5"P1.Qg)+ 00N
M

o0

4. The O(n™) in is controlled by the C* norms of f and g for some & that
depends on 7.

Remark 1.6. Notice that the set Res, the numbers N () and the coefficients ay
are uniquely determined by the sequence ( f yfoF" gdx)n> o- Indeed, consider
the function B

Urg(z) = Zf(”ﬂ)/ foF"gdx
M

n>0

which is holomorphic for |2 > 1. Using (1)), we find that ¥ 4(z) has a meromor-
phic continuation to C\ {0} whose poles are contained within Res. Moreover,
if A € Res, we have near A

o Y C)\,k(fv g)
Vrg(2) = H(z) + Z [N

k=0

where the function H(z) is holomorphic near A. Moreover, we have ¢y 1 (f,g9) =
k!)\ka)\’k(f, 9) + Garlarkt1(f,9), .-, aAyN()\)(ﬁ g)) for k=0,...,N(XA), where
the number G\ x(axk+1(f,9),--.,axn)(f,9)) is a linear combination of the
coefficients ax x11(f,9), .-, ax v (f,9). Thus, ¥s,(2) uniquely determines
the ax x(f,9)’s. Moreover, by taking generic f and g, all the ay x(f,g)’s are
non-zero. Consequently, when f and g run over C*°(M), the meromorphic
functions Wy ,(z) determine the set Res and the numbers N ().



1.4 SRB measure

If F'is a transitive C°° diffeomorphism on a compact manifold M, then one can
associate to F' a unique Sinal-Ruelle-Bowen (SRB) measure p. This is a Borel
probability measure on M, invariant by F', which plays a particular role for the
statistical properties of F.

There are several properties that (individually) distinguish the SRB measure
1 among all F-invariant Borel probability measures:

e 1 is physical: for Lebesgue almost every x € M, we have for all continuous
function f: M — C

n—1
LS fort@) - /fdu.
nk:O n—-+oo M

e 4 has smooth conditionals on local unstable manifolds (and thus is an
equality in Ruelle’s inequality).

e 4 is the limit of invariant measures of certain small stochastic perturba-
tions of F'.

e The wave front set of y is contained in {(z,£) € T*M : &, = 0}.

For the first three characterizations of u, one can refer to [You02] and ref-
erences therein. The last point follows for instance from [FRS08| Corollary 1].
Theorem [1] allows us to add a characterization of i to this list.

Theorem 2 ([GLOG]). Under the assumption of Theorem [l and if M is con-
nected, the number 1 belongs to Res. Moreover, there is no other resonance of
modules larger than or equal to 1, N(1) =0 and

aio: (f,9)— /M fdu /M gdx.

Corollary 1.7. Under the assumption of Theorem [, and if M is connected,
for every f,g € C*(M), we have

/foF"gdx — /fd,u/ gdx. (2)
M n—+oo Jfar M

Moreover, the convergence is exponentially fast.

Remark 1.8. Notice that the convergence also follows from the physicality
of u and the dominated convergence theorem.

2 Asymptotics of correlations in the linear case

2.1 The doubling map

Before starting the proof of Theorem (1} let us study a toy-model: the doubling
map of the circle. This is the map F on S' = R/Z defined by F(x) = 2x mod 1.



Let f and g be C* functions on S'. As f and g are smooth, they are the sums
of their Fourier series (the convergence actually holds in C'*°)

f(x) = Z cr(f)e?™  and g(z) = Z cr(9)e* ™k for x € ST,

kEZ keZ

where our convention for Fourier coefficients is
er(f) = / e 2k £ (2)dz for k € Z.
Sl

Then, notice that for every n > 0, we have

foF"(x)= ch(f)e%ﬂn’” for z € S*.

kEZ

It follows that

/S1 fo Fgda = ch(f)c_?%(g).

keZ

Now, take N > 1. Since f and g are C°°, we find that there is a constant
Cn > 0 such that for every k € Z \ {0} we have

lew(£)] < Onlk| ™ and |ex(g)] < Onlk|™Y.

Thus, we have

fOF"gdx—/ fdx/ gdx
st st st

Since N can be chosen arbitrarimy large, we get indeed an asymptotic expansion
as in 7 with 1 being the only resonance.

+oo
< 20327V k72N,
k=1

2.2 CAT map

Let us now consider a particular case in Theorem Let A € GL(2,Z) be a
matrix with no eigenvalue of modulus 1 and F' be the associated CAT map (see
Example . We want to adapt the argument in the previous section to prove
Theorem [1|in this particular case.

Since A has no eigenvalues of modulus 1, so does *A~1. Let e and e’ be
eigenvectors for A=1 with eigenvalues respectively A, 2A~! such that |A| > 1.
Define the cone

Cr ={wses +wyel : wy,ws € R, Jws| < |wy|}. (3)
Let us point out the following property of the cone C;:
PATH(C,) € Int(Cy) U {0} (4)

Moreover, there is a constant Cy > 0 such that, for every w € C; and n > 0, we

have
A" w| > Gy A wl, (5)



and, for every w € R?\ C; and n > 0 we have
A w] > Cg A"l (6)

To prove these properties, just use that the norm wyel + wse — |wy,| + |ws| is
equivalent to the standard norm on R2.

Now, let f,g be C* functions on T?. As above, we decompose f and g in
Fourier series

fz) = Z Ck(f)egwk'm and g(z) = Z Ck(g)emﬂkw
kez? kez?
It follows that for n > 0
f ° Fn((E) _ Z Ck(f)e%ﬂ'lc-A":v _ Z Ck(f)e%TrtA"kw

kez? kezZ?

_ Z CtA_nk(f)eQiTrkw

kez?
Thus
5 foFgdr =" coa-np(f)e_r(g)-

kez7?
Let N > 3. Since f and g are C'°°, there is a constant C'y such that

lew ()] < Cn k| 7> and [ex(g)] < Cnlk[77.

Thus, we have
forigdo— [ fao [ gasl<Ck 3 WN(HIATE) Y. (@)
T2 T2 T2 keZ2\{0}

For k € Z*\ {0}, let T = min {l € {0,...,n — 1} : *A~‘k € C*}, with the con-
vention that T = n if tA~("~Df ¢ C*. Using , we find that if 7' # n then

FAT K] = [PATCTD (AT > G AT TP AT R (®)

Notice that this estimate still holds when T' = n (up to making Cy larger).
Using @, we find that if 7' # 0 then

k| > Co YA PA=T=Dk| > Oy NTPA~T k], (9)

for some constant CN'O > 1. Once again, this estimate clearly still holds when
T = 0. Putting and @D together, we find that
[K[["A™"k| > (CoCo) ' \I"|*A~Tk[* > (CoCo) A",

where we used that *A~Tk has integer coefficients to find that [*A=7k| > 1.
Recalling (7)), we find that

foF"gd:c—/ fdx/ gdx
T2 T2 T2

Since N can be chosen arbitrarily large and || > 1, this estimate proves The-
orem [1] in the case of a cat map on the torus T2. Notice that in that case,
the resonance 1, whose existence is guaranteed by Theorem [2| is the only one.
Moreover, Lebesgue measure on the torus is the SRB measure.

SCRCYCIINTN S kY.
kezZ2\ {0}




3 Asymptotics of correlations

3.1 Small perturbation of a CAT map

Let A € GL(2,Z). Assume that A has no eigenvalue of modulus 1 and let Fj
be the associated CAT map. In this minicourse, we will prove Theorem [I| for F'
of the form F = Fyy + ¢ where ¢ : T? — R? is a C* function with [|¢||: < 1.
Even if we will not need it in our proof, we will prove that F' is Anosov. This
proof can be generalized to check that the Anosov property is C' open.

Proposition 3.1. There is € > 0 such that for every C> function ¢ : T? — R?
with |||l < € the map F = Fy + ¢ is Anosov.

Proof. Let e, and es be eigenvectors for A with associated eigenvalues respec-
tively A and A~ such that |[A| > 1. For v € R2, write v = vye, + vses. Define
then the cones

1
¢, = {vses + vyey Vs, vy € R, ug| < 2|vu|}

and )
¢, = {Uses + vyey : Vs, Uy € R |y ] < 2|vs} )

Notice then that A(€,) C Int(¢,)U{0} and A~1(€,) C Int(€;)U{0}. Moreover,
there is a constant C' > 0 such that for every n > 0,v € €, and w € €4 we have

|A™v| > CHA["|v] and |[A™"w| > O™ A" |w].

To prove these estimates, just use that the norm vges + vye, — |vy| + |vs| is
equivalent to the standard norm on R2.

Choose then p € (1,])\]) and ng large enough so that C~1|A|™ > p". Notice
then that if € is small enough and ||¢||o:1 < € then for every z € T? we have (we
identify the derivative of F' with an endomorphism of R? through the standard
parallelization)

D,F(¢,) C Int(¢,) U {0},
D,F~1(¢,) C Int(¢,) U {0},
and for every v € €, and w € €, we have
| D, F™v| > p"|v| and | D, F~"™w| > p™°|w|.

It implies that there is a constant C' > 0 such that for every n > 0,v € €, and
w € €, we have

|D,F™v| > C7p" || and |D, F~"w| > C~'p"|w|. (10)

We are now ready to construct the unstable direction for F. For each = € T?
and n > 0, write
Dp-ny F™ - ey = pp(w)eq + qn(z)es.
Since e,, € €,, so does p,(x)e, + gn(x)es and thus there is some new constant
C (that does not depend on n nor x) such that |p,(z)| > C~1p" (here we use

(10)). Define a,,(z) = ¢n(z)/pn(z), and notice that
€n _ Dpf(n+1)IF €y
Pn() Pry1()

(an(7) = ani1(2)) D F 7" - e =



Using again, we find that there is a constant C' > 0 that does not depend
on n nor z such that |a,(z) — ani1(z)] < Cp~2". It follows that the sequence
(an(2))n>0 has a limit a(x).

Notice then that for z € T? and n > 0 we have

Dp-n F™- eu)
pn()
_ Prt1(Fz)ey + g1 (Fx)
B pn(x)
pn+1(F.'L‘)

= @) (ey + ant1(Fx)es).

D, F - (e, + an(x)es) = D F - (

Since (an(x))n>0 and (an+1(Fz))n>0 have limits, it follows that the sequence
(Pn+1(Fz)/pn(x))n>0 has a limit, call it Ap(x), that satisfies

D, F - (ey + a(x)es) = Ar(x)(ey + a(Fx)es). (11)

For z € T?, we let E¥ be the line generated by e, + a(z)es. It follows from
that D, F(EY) = E%... Notice also that E¥ C €, (the cone is closed), and
thus it follows from that the vectors of EY are uniformly expanded in the
sense of Definition [[1]

The stable direction is constructed similarly replacing F by F~1. O

3.2 Hilbert space of anisotropic distributions

For o € R and f € D'(T?), define the norm

I = > U+ [RP) e (O + D (1 + B er(£)1*. (12)
kez? kez?
keck k¢cy
Define then the space
={f €D (T : || fll, < oo}

Due to the different weights in the different direction in the norm , the ele-
ments of the space H, have regularity properties that depend on the direction
in the physical space (see Proposition below). For this reason, one some-
times calls H, a space of anisotropic distributions or an anisotropic space of
distribution.

The following properties of H, are easily proven:

e 7, is a Hilbert space.

C*(M) is a dense subspace of H,,.

o Hlol C Ho € H lal with continuous inclusions (where for t € R, we write
H' for the standard Sobolev space).

The L? pairing induces an isomorphism between H_,, and the dual of H,.



We will use an alternative definition of the space H,, in the spirit of the
Paley—Littlewood decomposition (following the approach from [BT07, [BTOS|
Ballg]). For f € D'(T?), define

and for N > 1
Nf(x) = Z ck(f)62i7rk-a: and TI%, f(x) = Z Ck(f)eQiTrka:'
kez? kez2
kecC;, kg
2N =1 k<2 oN=1< k| <2V
(14)
Notice then that
f=D Tf+ Y T3S (15)
N>0 N>0

in D’(T?). Rather than , we will use the following equivalent norm on #,:

2 a u 2 —a s 2
A2 =D 4oV IR flI7e + > 47N I3 £]17- -

N>0 N>0

Let us also recall that for every L € R the Sobolev space H” can be defined as
the space of distributions f on T? such that the norm

2 u 2 s 2
111 =Y A"V (TS £ 117 + [T £l 72)
n>0

is finite. This norm is equivalent to the standarn norm on H%.

3.3 Lasota—Yorke inequality

The proof of Theorem [1| is based on the study of the Koopman operator K
associated to F' defined by

Kf=foF for feD'(M).

Notice that references sometimes study instead its formal adjoint, the (Ruelle—
Perron—Frobenius) transfer operator defined by

1

_ —1 /
_—|detDF|oF—1f0F for f € D'(M).

Lf

As mentioned above, we will prove Theorem [I| for the examples of Anosov
diffeomorphisms from The main technical result behind the proof of The-
orem [I]is the following Lasota—Yorke inequality. With Lemma [3.2] the proof of
Theorem |1 is reduced to spectral theoretic considerations that are exposed in

B4

Lemma 3.2 (Lasota—Yorke inequality). Under the assumption of there is
7€ (0,1) and € > 0 such that if |¢||cn < €,a > e b, then K induces a bounded
operator on H,. Moreover, for every L € R, there is a constant C > 0 such
that for every n € N, there is a constant Cy, 1, such that for every f € H, we
have

1K flla < CT" [ fllo + Cr [l are - (16)



Let us explain how we will use the fact that ||¢||o: is small in the proof
of Lemma Recall the properties 7 and @ of the matrix A. Let
p € (1,]A]) and notice that if ||¢||-: is small enough then there is a constant
Co > 1 such that for every n > 0,2 € T?,v € C* and w € R? \ C* we have

(Do F)7H(CY) S Int(CY) U {0} (17)

H(DLF™) "ol > Cy o] and [{(D,F ) wl > Gt p"wl. (1)

With these properties in mind we want to adapt the argument from How-
ever, in the non-linear case the action of X on Fourier coefficients is more in-
volved. The main idea is that the frequencies transition that are away from
those that appear in the linear case will only contribute to through the
compact term || f|| ;. The actual proof of Lemma presented here is inspired
from [BTO7, [BTOS, Ballg].

In order to distinguish the frequencies transition that are allowed or not, let
I' = N x {u, s} and for each n > 0 introduce a relation <, on I" by (N,t) —
(N’,t') if one of the following properties hold:

e t=t'=wand N < N' —nlog, p+ log, Cy + 2;
e t=t'=sand N’ < N —nlog, p + logy Cy + 2;
e t =35,/ =uand N > nlog, p or N' > nlog, p.

Notice that the relation <, select the frequencies transitions close to the linear
case, and all the transitions that are “more favorable”. In order to get rid of the
other frequencies transition, we use the non-stationary phase method to prove
the following lemma.

Lemma 3.3. Let ||¢||o1 be small enough so that and hold. For every
n > 1 and every § > 0, there is a constant Cp 1, > 0 such that if (N,t) %,

(N',) then | T4 K1, < Oy g2 Bmax(NN)

'L2—>L2

Proof. Let (N,t),(N',¢') € T be such that (N,t) &, (N',¢).

Notice that if max(N, N') < nlog, p+1 then the result follows by taking C, 1,
large enough (it corresponds to a finite number of case). Consequently, we will
henceforth assume that max(N, N’) > nlog, p + 1. Notice that this reduction
gets rid of the case (t,t') = (s,u). It also implies in the case t =t/ = u that
N # 0 and in the case t =t = s that N’ # 0.

Let k,k' € Z* be indexes that appear in the sum defining IT%; and Hf\/,,
respectively (recall and ) Let us write the Fourier coefficient

Ck(lcnem'n'k:'-z):/ ezi“q’“’(x)dx,
T2

where the phase ®, ;. is defined on the torus by
(‘Pk,k/ cx—=k-z—k - F'x.
We are mostly interested in the gradient of this phase.

VO, 1 (z) =k — "D, F" -k for x € T2

10



We claim that the property (N,t) #, (N’,t') implies that for every x € T? we
have ,
IV o (z)| > O L2max(NNT, (19)

where the constant C), does not depend on N, N’ ¢, ¢'.
Let us start with the case t = t' = u. In that case, we know that NN is
non-zero and thus |k| > 2V~1. Hence, for some C' > 0, we have

V@ (2)| > CHADLF™) ™ -k — K|
> CTH"(Do F™) ™ k| = |K']) = C7H(Cq o [k — K1)
> C—l(C()—lpn?N—l _ 2N’)
> C—lco—lpn2N—2
> 61712max(N,N').

Here, we used in the second line and the fact that N > N’ — nlog, p +
logy Cp + 2 on the fourth and fifth line.

We proved when t =t = u. The case t =t = s is similar, and we got
rid of the case (¢,t') = (s,u). Thus, we are left with the case (¢,t') = (u,s).
Remember that we have

VO 1 (z)| > CUYDFY) ™tk —F|.

Moreover, it follows from that {(D,F™)~1.k belongs to a closed cone within

Int(C¥) U{0}. Since k' ¢ C¥, we find that the distance between the projections

to the unit circle of (D, F™)~! -k and k’ is uniformly bounded below. Since at

least one of them is bounded away from zero, we find that the distance between

YDy F™)~! .k and k' has the order of magnitude 272(V-N") and follows.
Let us introduce the differential operator L on T? defined by

o 1 Vf(:c)V(I)k,k/(x)
M) = e N @R

Since L(e*™ e (@) = 270w (2) e find that for m > 0, we have
Kn 2ink’x :/ 2im®y g () (LY (1) ’
alrenn = [ (D" (1)

where ! L denotes the formal adjoint of L (obtained by integrating by parts). By
induction, we find that (‘L)™(1) is a linear combination of terms of the form

product of ¢ derivatives of @y
|v®k‘,k’ |€+m .

Thus, it follows from that

‘Ck: (K:n€2i7rk/x) <Cpp2™ max(N,N")

Finally, notice that if f € L? then
[erenme 7], < 3 foutreme ™) e ()
%

< ém)nQ—(m—Q) max(N,N’) ”fHL? 7

11



where the sum is over the indexes k and k' that appear in the definition of IT%,
and H’E\/,, respetively. We used that the number of terms in the sum is bounded
by some constant times 2V TN The result follows by taking m = S + 2.

O

Proof of Lemma[3.2. Assume that [|¢||o: is small enough so that and
(and thus Lemma hold. Without loss of generality, we may assume that
L <0.

Let n > 1 and f € H,. Start by estimating for N > 0

2

TR K fll72 = [T | Y I f+ Y I f

N'>0 N'>0 2

2
< 2|y K > Iy, f

N’>N+nlog, p—log, Cp—2 L2

+2(mgkn > I f
N’'>0,te{u,s}
(Nuw) (N ) L2

Then, using Lemma [3.3] we find that

£7 SN YR ¢ (% | N 18 080 1
N'>0,te{u,s} N'>0,te{u,s}
(N, u)#>(N".1) 12 (NawA (')

< Cn,L2LN Z 4LN'

N'>0,te{u,s}
(N,u)#+ (N t)

rore [T f o

{Ht ’f||L2

< Cp 2"V R S I
N'>0,te{u,s}
(N u)#+(N' 1)

< Co, 2V || fll gy -

12



Summing over N > 0, we find that

AN IR f <2 K75 e 4N > L% £I7 2
N2>0 N2>0 N'’>N+nlog, p—log, Co—2
+2 3 4NN 7,
N>0

2n « u 2
<20k Y > 4N ) I £I72

N’>0 \ NXN’—nlog, p+log, Co+2

+ Cor I1f 12

—_a\2n aN’ u
(Kl oz )™ D7 4N T £ + Cor 1 f 151

N’'>0

—a\2n
(Il 22 27 ) " 1f la + Co 1117 -

202064
= e

202064
< —
]

Here, we assumed (without loss of generality) that L < —|a|.
Now, for N > 0, we find using Lemma [3.3| as above, that
s n r)2
TN K" fI 2
2n s 2
ot X m

0<N’<N—nlog, p+log, Co+2

+ 3 IIH"ff|2m>

N'>0
N'>nlog, p or N>nlog, p
+ 4N | 1l
Summing over N, we find that
> 4N Iy K £
N>0
2 — ) 2
<2KN e Y > 47NN T

N’>0 \ N>N’+4nlog, p—log, Cop—2

2n — 2
+2||KlI7E e D DR S 8§

N’>0 \N>nlog,p

2n — 2
+2|KI 5 D Do AN g £l

N’'>nlogy, p \N>0

2
+ O, [ £l
202064 on . ,
< T (UKl e p™)™ D0 47N I £ 2
N’>0
2 — 2n U 2
+m(“’q|m_>mp ) Z [T fI72

N’>0
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2

—a\2n aN’ w 2
+ 1w UKl g2 o)™ D 4% TR 172
N’>0
+ Co,t. | 1l
2 (6% 6% —« 2n 2
< 1 _ 4-« (Cg 64% +2) (IIKNI 2y 2 p7%) ™ £ 11500

+ Cor I fll5e - (21)

1
Now, take o > 0 large enough so that 7 == [|K||;%_,,. p~! < 1, and sum
and to get the result for o > ag (the estimate with n = 1 implies that K is
bounded on H,,). O

Remark 3.4. Let g € C>°(T?). Notice that with the same proof as Lemma
we find that the operator gk also satisfies Lemma (with the same value of
€). In particular, gK is bounded on H,,.

3.4 Quasi-compactness

Notice that taking L < —ain Lemma the injection of H, in H is compact
(because the injection of H~1®l in H™ is). Then, Hennion’s theorem [Hen93]

based on Nussbaum’s formula for essential spectral radius [Nus70] implies with
Lemma [3.2] that:

Proposition 3.5. Under the assumption of Lemma[3.3, the intersection of the
spectrum of K acting on Ho and {z € C: |z| > 7} is made of isolated eigen-
values of finite multiplicity.

More precisely, Hennion proves that if 7 > 7% then there is a decomposition
of H, as
Ho=EODF, (22)

where F and F' are invariant by /C, the space F is finite dimensional, F' is closed
and the operator induced by K on F has spectral radius strictly less than . Let
then A and B denotes the operators induced by K respectively on E and F. Let
Pr and Pr denote the projectors respectively on F and F' according to .
If g € C*(T?), let Pjg denote the linear form on E obtained by restricting

= Jpe foda.
With these notation, if f,g € C°°(T?), we have for n > 0

foFgds= [ K"(figde = Pig(aPef) + [ B fgda.
T2 T2 T2
Since the spectral radius of B is strictly less than 7, we find that

n n

. B" fgdx T om").

The asymptotics of the sequence (Prg(A™Prf))n>o0 is obtained by writing the
Jordan decomposition of the finite dimensional linear operator A. Theorem
follows (since «v can be taken arbitrarily large, n may be chosen arbitrarily small),
except maybe the fact that the ay ;(f,g)’s are non-trivial, which is explained
below. Notice also that Remark implies that the resonances in Theorem
do not depend on the particular construction of the space H,,.

14



The decomposition also implies that the resolvent (z — K)~!, which is
defined for |z| > 1 by

(Z . IC)—I _ ZZ_(n+1)ICn,

n>0

has a meromorphic continuation to {z € C : |z| > n} as an operator from H,, to
itself (and thus from C°°(T?) to D'(T?)). Indeed, (z — A)~! is meromorphic on
C, as given for instance by Cramer’s formula, and (z — B)~! is holomorphic on
{z € C: |z| > n} since the spectral radius of B is less than 7. Thus, we have

(z—K)'=(—-A)"'Pg+(2—B) ' Pp.

Once again, since n may be chosen arbitrarily small by taking « large, we find
that (2 — K)~! has a meromorphic extension to C \ {0} as an operator from
C*°(T?) to D'(T?). Moreover, notice that at any pole of (z—k) ! the coefficients
of negative indexes in the Laurent expansion have finite rank.

Let us recall that if A is an eigenvalue of IC of modulus larger than 7, then
one may define a spectral projector on the eigenspace Ey for K associated to A
in the following way [Kat95, §I11.6.4-5]

1 -1
P,=— (z —K) 'dz,
20T Jap(a,e)
where ¢ > 0 is small enough so that the closed disc of center A and radius e
intersects the spectrum of X on H,, only at A\. Then, this projector commutes
with I and, with Py defines as above, we have

Pp = Z P,.

Moreover, the Laurent expansion of (z—/K) ™! is given near an isolated eigenvalue
A with |A| > n by [Kat95, §111.6.4-5]

- K)kP
ks 3 T

where J(z) is holomorphic near A and M()) is the maximal size of a Jordan
block of K at A.

Notice that the meromorphic extension of the function ¥y 4(2) from Remark
is given in term of the resolvent (z — K)~! by

Vg(2) = /11‘2((2 - ]C)flf)gdx.

Thus, for z near a resonance A\, we find that

M(N\)

Uy q(2) :/ (J(2)f)gdx + Z 7/\ —ET /2(()\—IC)’“P)\f)gdm.

Now, if £ € {0,..., M(\)}, since C*° (M) is dense in H,, and Py has finite rank,
we can find f € C°°(M) such that (A — K)*Pyf # 0 and (A — K)*Pyf = 0 for

15



k=¢+1,...,M(\). Then, taking g such that [p,(A — K)fPyfgdx # 0 and
comparing with Remark [T.6] we find that the resonances of modulus larger than
7 in Theorem [l| are exactly the eigenvalues of modulus larger than n of ' on
He (a priori there could have been less resonances than eigenvalues) and that
N(A) = M(X) for A € Res. We also find that the ay x’s are non-trivial.

3.5 Proof of quasi-compactness

In this section, we give a proof of Proposition 3.5 that relies on Fredholm analytic
theory [DZ19, Theorem C.8] rather than on Hennion’s argument [Nus70, [Hen93].

Proof of Proposition[3.5, Let z € C be such that |z| > 7*. We are going to
prove that z — KC defines a semi-Fredholm operator on H,. Pick some integer
m > 0, and notice that for f € H, we have

m—1
2! (Z zlek> (z—K)f = f—z2"™K™/.
k=0
Thus 1
f=zTTK"f 4271 (Z z_lek> (z—K)f,
k=0
and it follows from Lemma [3.2] that (we take L < —a)

(2 = K) fllg, -

Taking m large enough, we get C|z|~™7*™ < 1, which gives

”f”a SOl 7™ + Oz ||fHHL +Cm,z

C C
< m,z m,z -K )
Hf“a =1 C‘Z|_m7'o‘m HfHHL + 1— C‘Z|_m7'o‘m H(Z )fH?—LQ
That is, for some new constant C' that depends on z,
[fllo <CllGz=K)fllo +Clifllge for every f € Ha. (23)

Let us prove that ker(z — K) is finite dimensional. Let (f,)n>0 be a bounded
sequence in ker(z — K). Since the injection of H, in H” is compact (because
L < —a), we can extract a subsequence (fn,);>0 that converges in H. It follows
from that (fn;);j>0 is Cauchy in #H, and thus converges to an element of
ker(z — K) in H,. Hence, bounded subsets of ker(z — K) are compact, and it
follows from Riesz theorem that ker(z — K) is finite dimensional.

Let us prove now that the image of z—KC is closed. Let (g, )n>0 be a sequence
of elements of the image of z — IC that converges to some g in H,. For each
n > 0, choose f,, € H, such that g, = (2 — K) f,, and then h,, € ker(z — K) such
that || fr, — hnll, < (1 4+27")d(fn, ker(z — K)).

If (fn, — hn)n>0 has a bounded subsequence (in H,), then one can extract a
subsequence (f,, —hn,);j>0 that converges in H”. Since (z—K)(fn, —hn,) = gn,
converges in H,, it follows from that (fn; — hn,);>0 is Cauchy, and thus
converges, in H,. If f is the limit, we have (z — K)f = g and thus g belongs to
the image of z — K.

16



If (fn —hn)n>0 has no bounded subsequence, then || f,, — hy ||, 200 For
= n—-—+0oQ

n large enough, define z, = (fn, — hy)/ || fn — hnll,- Then (z,)n>0 is bounded
in H,. Extract a subsequence (z,,);>0 that converges in H L. Notice that

In
2—Katyp,=—+7"7—— —
=Ko = I R e
Thus, it follows from that (x,,);>0 is Cauchy, and thus converges, in H,,.
Let x be the limit, and notice that (z — K)x = 0. Thus, for j > 0, we have

d(fnj,ker(z -K)) < Hf"J o hn]‘ o Hf"J o hn]‘”axHa
= ana - hnj”a Hxn] o x”a
<(1427") ||lon, — xHa d(fn,;, ker(z — K)),

which gives a contradiction for j large enough (recall that || f,, — k||, e 00).
n—-+0o0

Thus for |z| > 7%, the operator z — K is semi-Fredholm on H,. It follows
from [Kat95, Theorem IV.5.17] that the index of z — K does not depend on z.
Since z — K is invertible when |z| > 1, we find that the index of z — K is 0 when
|z| > 7%, and thus z — K is Fredholm. Hence, Proposition follows from the
analytic fredholm theory [DZ19, Theorem C.8]. O

4 SRB measure

4.1 Regularity properties of anisotropic distributions

Introduce the cone
c" = {v € R%: (w,v) # 0 for every w € R2 \C}f\{()}}

Proposition 4.1. Let W be a C™ curve in T?. Assume that for every x € W,
the tangent space T, W to W at x is contained in the cone C*. Then for a > 2 the
restriction operator Ry, : C(T?) — C°(W) extends to a continuous operator
Ry : Ho — 'D/(W)

Remark 4.2. Let e, and e, be eigenvectors for A associated to the eigenvalues
A and £A71. Notice that (e,,e’) = 0 and thus (e,,e?) # 0. Consequently, e,
is in the interior of C*. Hence any curve which is C" close to a piece of unstable
manifold of Fj satisfies the assumptions of Proposition One can also check
that if ||¢|| o1 is small enough then any piece of unstable manifold for F' satisfies
the assumptions from Proposition [£.1]

Remark 4.3. On T2, the presence of a reference measure allows us to identify
densities and smooth functions, and thus the space D'(T?) of distributions on
T? with the dual of C°°(T?). However, if W is a curve in T? (as in Proposition
for instance), we will actually work with D’(W) as a space of functionals on
the space of densities on .

Proof of Proposition[].1 Let f € H,. Notice that there is a constant C' > 0
(that does not depend on f) such that, for every k € Z?2, we have

lex(f) < C+ k)~ >|Ifl, if kecCt
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and
ek (NI < CA+ RN [ fllo if & ¢ CL.
Since o > 2, we see that
D ekl f)er e (24)
kez?

kecy

converges to a bounded continuous function (on T? and thus on W) whose
supremum norm is controlled by || f|[,,-

Let K be a compact subset of W and ¢ a smooth 1-form on W supported in
K. Let v : I — T? be a parametrization of W by arclength (with I an interval
of R). Let J = v !(K), and notice that J is compact. Write v*¢p = gdt with
g a smooth function supported in J. From our assumption on W, we see that
there is a constant C' > 0 such that

[(w,~'(t))| > C~ w| for every w € C* and t € J. (25)

For k € Z? \ C¥, we have

/ e2iﬂ'k~x¢ _ /62iwk-w(t)g(t)dt.
w I

Letting L be the differential operator on I defined by

/
u
Lu=—|—7—
b <2i7rk-7’)’

we find, integrating by part, that (for any m > 0)

/ e2i7rk»:rgo _ /e2i”k'7(t)ng(t)dt.
w I
By induction, we find that L™g is a linear combination of terms of the form

(kA0 0) . (1) (0)g@
(@) |

where ¢ is less than m. Thus, from (25), there is a constant C' > 0 such that

[ @] <o i ol

for every k € 72\ C*. Taking |k| > « + 2, we find that the sum

D k(e (26)
kez?
kecy

converges to a distribution on W of order « + 2.

We can finally define Ry f as the sum of the distributions and (26)). It
follows from the estimate above that Ry is bounded from H, to D'(W). If f
is a C'*° function then Ry f is the restriction of f to W since f is the sum of
its Fourier series. O
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Remark 4.4. One can check that if f € H, then Ry f depends continuously
on W in the following sense. Let I be an interval of R and (v,)n>0,7 be C*
embeddings from I to T2. Assume that W = ~v(I) and W,, = v,,(I),n > 0 satisfy
the assumptions from Proposition and that for each k& > 0 the function fyr(lk)
converges to v*) when n goes to +oco uniformly on all compact subsets of 1.
Let ¢ be a smooth 1-form on T? such that there is a compact subset K of I
such that v} is supported in K for every n > 0. Then

R Ry .
/Wn an@n_jrm/w we

Indeed, this convergence holds when f € C°°(T?). Moreover, it follows from
the proof of Proposition that the linear forms

= /WRWfsa— / R, f¢,

n

for n > 0, are uniformly bounded on H,. The result then follows by an approx-
imation argument.

4.2 Understanding the largest eigenvalue

We are now going to study the largest eigenvalues of the operator K acting
on the space H®, and prove Theorem [2] in the particular case of the Anosov
diffeomorphisms from

In all this section, we assume that the assumptions from Proposition [3.5| are
satisfied and choose « large enough so that Proposition [4.1] holds. We split the
proof in several parts of different lengths.

First, notice that 1 is a resonance for K. Indeed, K1 = 1 and the function
constant equal to 1 belongs to H,, since it is C°°. Recall that we proved in
that the eigenvalues of modulus strictly larger than 7% of K on H, are
resonances.

Lemma 4.5. Under the assumption of Proposition[3.5, there is no resonance
of modulus larger than 1, and the eigenvalues of KC on H, of modulus 1 have no
Jordan block.

Proof. The idea of the proof is relatively simple: a resonance of modulus strictly
larger than 1 or a resonance of modulus 1 with a Jordan block would produce
an unbounded term in the right hand side of , while the left hand side is
clearly bounded. The actual proof is slightly more complicated since we need
to explain why there cannot be cancellation between the different terms in the
right hand side of that would make the sum bounded despite the presence
of unbounded terms.

Let p be the maximal modulus of a resonance (notice that p > 1). Let
A1, ..., Aqg be the resonances of modulus p. Remember that 7¢ < 1 < p. Recall
Py,, ..., P\, the spectral projectors associated to Ai,...,A\q. For j =1,...,d,
since A; is the only eigenvalue of the operator induced by K on the image of
Py, there is a nilpotent operator N; on the image of Py; such that KPy, =
(Aj + Nj)Py,. Thus, we can write

d
K=Y (A+N)Py, +Q,

j=1
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where () is a bounded operator on H, with spectral radius strictly less than p
such that QPy, = --- = QP\, = P\,Q = --- = P\,Q = 0. Letting k; be the
smallest integer such that N fj =0, we find that for n > 0, we have

( f ) NENEPy QP

Without loss of generality, we may assume that k; is larger than or equal to
ko, ...,kq. Then, we find that

n—1 )\17191 .
: —m mo __ 1 171
nEI-Ir-loo nkl mZ:O)\l K= kll Nl PAI (27)

as bounded operator on H,. Since N{“*l # 0 by definition of kq, there is
h € H, in the image of Py, such that NF*='h = 0. Since C°°(M) is dense in
Ho and Py, has finite rank, there is f € C°°(M) such that Py, f = h. Let now
g € C>°(M) be such that [, Nf* 'hgda # 0.

It follows then from that

)\17}@1 . 1 n—1
1 —1 . —m m
N7 “hgder = 1 A T"gdx.
k1! /EQ 1 gar n—1>I—&r-loo nk1 mz::() ! /I[‘z U gaz

Notice then that for n > 0, we have

n—1
1 E — m
W Alm/EszT gdl'
m=0

If p > 1, we see that this quantity goes to 0 as n goes to oo, which contradicts
Jp2 N hgda # 0.

Thus p = 1. Similarly, if k; > 2, then implies that [, Ny"~"hgdz = 0,
which is a contradiction. Thus k4 = ks = --- = kg = 1, that is there is no
Jordan block for resonances of modulus 1. O

n—1
1 —m
< gl [ e 2o 29

Lemma 4.6. Under the assumption of Proposition[3.3, if F is transitive, then
1 is a simple eigenvalue of K on H, and there is no other eigenvalue of modulus
1.

Remark 4.7. Notice that the transitivity assumption in Lemma (and in
Lemma below) is actually not needed. Indeed, it follows from the structural
stability of hyperbolic CAT maps [KH95, Theorem 2.6.3] that the Anosov dif-
feomorphisms from are transitive. We will also use in the proof of Lemma
[4.6] the fact that T2 is connected.

Proof of Lemma[{-6. The proof of this lemma is adapted from the proof of
IGLO8, Theorem 5.1].

Let A be a resonance of I with modulus 1 and let h € H, be an eigenvector
associated to X. Let Py be the spectral projector associated to . Since C*°(M)
is dense in H,, and Py has finite rank, there is f € C*°(M) such that Pyf = h.
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Working as in the proof of Lemma [£.6] we find that

n—1
1
Py= lim = Z A FKCE,
k=0

n—+oo n

and it follows that for every g € C°°(T?) we have

‘/ hgdx
T2

Thus, A is a L function.

Let now W be a piece of unstable manifold for F', and recall that W satisfies
the assumptions from Proposition Let v € R? be transverse to W at every
point of W (such a v exists because W satisfies the assumption from Proposition
. Let x : R — [0,00) be a compactly supported function of integral 1 and
let xc : @+ e y(e ') for € > 0. Notice that if § > 0 is small enough then the
map

< Il | lolde (29)

G : Wx(=4,0) — T?
(z,t) = x4+t
is a diffeomorphism on its image (which is a neighbourhood of W in T?). Let

now ¢ € D(W). For t €] — §,4], let ; denote the pullback of ¢ by x — x — tv,
this is a density on W + tv. It follows from Remark [£.4] that

s
/ Rwhp = lim/ Xe(t) (/ RWHUhgot) dt.
w =0 J 5 W +tv

Let my denotes the arclength measure on W and write ¢ = ¢»dmy, where v is
C* and compactly supported. Then, for € > 0 small enough, we have

1)
/ Xe(t) (/ RW+tuh90t> dt = / h(xe) o G~ Jg-1da, (30)
-5 W+tv T2

where Jg-1 denotes the Jacobian of G=1 (where W x (=46, 6) is endowed with
the product measure). Indeed, for a smooth function h the formula is a
consequence of the change of variable formula, and the general case follows by
a density argument (since both sides are continuous linear forms on H,,). Using
, the change of variable formula again and Fubini’s theorem, we find that

5
‘/ Xe(t) (/ RW+tvh<Pt) dt
—4 W4tv

< |f‘<>0 /’]I‘2 ’(Xew) o G_1’ Jg-1dx

<1l [ i x®dtx [ el =11 | ol

/Rwhw s|f|oo/ El
w w

and thus Ry h is a L function, bounded by |f|s.
Applying Lebesgue differentiation theorem to Ry f, we find that there is
rog € W such that

It follows that

li - Ry h(0) — R h(y)ldmu () = 0, (31)

e—0 € We(ﬁo)
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where W¢(xo) denotes the interval of arclength e centered at xo in W.
Notice that for every n > 0, the curve F"W is a piece of unstable manifold,
and thus satisfies the assumptions from Proposition Moreove, we have

anwhOFn = Rwh (32)

Indeed, this relation is immediate when h is smooth and both sides define con-
tinuous operators from H,, to D'(W).

It follows from the unstable manifold theorem (see Proposition that
F"W becomes longer and longer when n goes to +o0o0. Fix some small o > 0,
and choose a sequence (€, ),>0 going to 0 such that for every n > 0 large enough
the length of F"W, (x¢) is 0. We can then find a strictly increasing sequence
(nj)j>0 of integers such that

o\  — 1;
Jj—+oo

o (F™i(xg));>0 converges to a point x € T?.

Then, it follows from Proposition that F™i (Wgnj (x0)) converges to a piece
Wy of the unstable manifold of z in the sense of Remark [£.4]
Let us prove that Ry, h is constant. Let ¢ € D(Wy). Extend ¢ to a smooth

1-form on T2, and notice that

Rw,hy — Ry h(zg) /

Wo

/ Rw,he — / Remiw,, (z0)h®
W() Fnj Wgn (Io) J

J

/ RWEn,v (wo)h © Fnj (p
F"iWe,, (o) !

Jo# e ¥
Wo "I We,, (o)

+ / [Rwh — Ruh(xo)]|(F™)* .
Wenj (zo)

| g
Wo

<

+ A =1 (33)

+ |Rwh(xo)|

Notice that we used and the fact that h = Ah. Let us explain why all the
terms in the right hand side of go to 0 as j goes to co. The first one goes
to 0 because of Remark The seconde one because A\ goes to 1 (the other
factor is uniformly bounded since we know that Ry, (4,)hoF" is bounded by
| floo). The third one goes to 0 because ¢ is continuous. The fourth term goes
to 0 as can be seen from and a bounded distortion argument.

Thus, we find Rw,h is constant on Wy. Since F' is transitive, we can find
a point with dense forward orbit close enough to = so that its stable manifold
intersects Wy. Thus, there is a point ' € Wy whose forward image is dense.
Then, working as above, we find that for every y € T?, the restriction of A to
a piece of unstable manifold of y is constant. Indeed, we can first take (n;);>0
such that F™i(z’) jﬁ—jroo y, and then, up to extraction assume that (A,,);>0

converges (not necessarily to 1). We can then redo the argument above starting
at 2’ instead of z( (the estimate holds now because Ry, h) is constant.
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Let us now defined a function h on T?2 in the following way: for every y € T2,
we let h(y) be the constant value of the restriction of h to a piece of the unstable
manifold of y. It follows from Remark that A is a continuous function.
Moreover, one can check that h is a representative of h using Fubini’s theorem
and a density argument.

Let us prove that h is constant. It follows from the definition of h that it
is locally constant (and thus constant) on each unstable manifold. Moreover, if
Yo, y1 belong to the same stable manifold then d(F"x, F™y) n—>_—&>-oo 0. Since for

n > 0, we have
[B(yo) = h(yr)| = A" R(F™yo) = A" A(F"y1)| = [h(F"yo) — h(F"y1)].

It follows from the uniform continuity of & that h(yo) = h(y1). Now, if z,y € T?
are close enough to each other, we find that h(z) = h([z,y]) = h(y). Hence, h
is locally constant, and thus constant since T? is connected.
Thus, we have A = 1. Since there is no Jordan block and constant functions
are the only eigenvectors, we find that 1 is a simple eigenvalue.
O

Lemma 4.8. Under the assumption of Proposition[3.5, if F is transitive then
the left eigenvector of K associated to 1 is the SRB measure of F.

Proof. Let | denote the left eigenvector of K associated to 1 such that ¢(1) = 1.
Notice that there is an operator Q : H, — H, of spectral radius strictly less
than 1 such that £0 @ =0,Q(1) =0 and

Kf=Uf)1+Qf for f € H,. (34)
In particular, for n > 0 and f € C*°(T?), we have
K f=1H1+Q"f (35)

Thus, if g € C*°(T?) and 1 € (0,1) is strictly larger than the spectral radius of
Q, we have

[ roPgan = 1) [ ode+00).

Taking g = 1, since

< [ fleo

‘/ foF'dx
T2

for every n > 0, we find that |[I(f)| < |f|eo. It implies that there is a complex
Borel measure ; on T? such that

If) = /11‘2 fdu for f € C>(T?).

Moreover, we know that p(T?) = [(1) = 1 and that |u|(T?) < 1. Hence, p is a
probability measure. Since for f € C*°(M), we have

fdp = lim foFdx,
T2

n—-+oo T2
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we find that p is F-invariant. In order to prove that u is the SRB measure, we
will check that p is physical, following an argument that can be found in [BGQO9,
Appendix B].

Let f € C°°(T?). We want to prove that

n—1

1
Bj={zcT?: -5 foF'a) - / d
f; {:EG nk:ofo (:E)nJr Tzf,u}

has full Lebesgue measure. Without loss of generality, we may assume that
Jpz fdp = 0 and that f is real-valued. Let us write S, f = ZZ;& f o FF for
n > 0.

Using we find that for k,¢ > 0 we have

foFEfo PR = KE(KY) = [ 70Q! fu+ QU (KQI)

Since fK is bounded on H, (see Remark [3.4), we find that f o F*f o Fk+* is
bounded in H,, by some C(n* +7*+*) where n € (0,1) and C depends on f but
not on k and ¢. Thus

n—1m—1 n—1m—1
’/ SpfSmfdr| <> / foFFfoF dz|<CY > (n*+1")
T2 k=0 ¢=0 I/T? k=0 (=0
< C(m+n).

Thus, expanding and using the estimate above to bound the rectangle terms,
we find that, for some constant C' > 0, we have

2
/ de < C <1 + 1) .
T2 m n
For p > 1, define then g, = S, f/p*, and notice that ||g,4+1 — gpllp2 < Cp~? for
some constant C' > 0 that does not depend on p. It follows from Borel-Cantelli
Lemma that (g,),>0 converges Lebesgue almost everywhere to some function g.
Using that f is bounded, we find that for p > 1 and p* < n < (p + 1)* we have
|Snf/m — gpl e O(p~1). It follows that S, f/n converges Lebesgue almost

Suf  Swf

n m

everywhere to g. Since the functions (S, f/n),>0 are uniformly bounded, we
find that g is bounded and the dominated convergence theorem implies that
(Snf/n)n>0 converges to g in distribution. However, it follows from that
(Snf/n)n>0 converges to I(f) = [r. fdu = 0 in distribution and thus g = 0
Lebesgue almost everywhere. This proves that By has full Lebesgue measure.
Let now (f,)n>0 be a sequence of elements of C*°(T?) with dense image in
C°(T?). Notice that -, By, has full Lebesgue measure. By an approximation

n

argument we find that if z € (,,>, By, and w: T? — C is continuous then

1 n—1
- Fk — du.
n];)wo (I) n—+o0 /EQU) H

Hence p is physical, and is consequently the SRB measure of F'. O
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4.3 Exponential mixing of the SRB measure

Theorem [1] gives the asymptotics of correlations of F' with respect to a smooth
measure on M. However, one can use the same method to study the asymptotics
of correlations with respect to the SRB measure .

Theorem 3. Under the assumption of Theorem for every A € Res and
ke€0,...,N(N), there is a continuous linear form by j, : C°(M)x C>*°(M) — C
that factorizes through a finite dimensional space, such that for every n > 0 and
fyg € C(M) we have

N(A)

n _ kyn n
/waF gdﬂneroo E E bak(f,g)n" A" + O(n"™).
A€Res k=0
[AI>n

Moreover, if M is conenected,

bio: (fag)H/TZ fd,UJ/wgdu.

Proof. Let us write the proof under the assumption of Proposition |3.5
Let f,g € C°°(T?). Recall the left eigenvector [ for K associated to the
eigenvalue 1, given for h € C°°(T?) by

I(h) = /T g

Notice that [ is a bounded linear form on H,, where « is large enough, so that
Propositions [3.5 and [£.1] hold.

From Remark we know that the operator gK is bounded on H,. Thus
for n > 1, we have

[, o Praduitar )

and the result follows then from linear algebra using Proposition [3.5] as in
O

Corollary 4.9. Under the assumption of Theorem for every f,g € C*(M),

we have
/ foF"gdy — / fd,u/ gdpe.
T2 n—+00 2 T2

Remark 4.10. Notice that Corollary implies that the SRB measure u is
mixing for F'.

5 Going further

A natural question for the reader at the end of this minicourse is: how to
generalize the proofs that were given in these notes to general smooth transitive
Anosov diffeomorphisms? First, the generalization to the higher dimension is
relatively simple: one can work with Fourier series on higher dimensional tori.
Then, one need to get rid of the assumption that F' is a small perturbation of a
CAT map. To do so, one just needs to notice that, locally, any smooth map is a
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small perturbation of a linear map, and then use the space H, from these notes
as a local model. To get a global space suited to any Anosov diffeomorphism
just needs to glue together different copies of the local model, which can be
done using a partition of unity. Finally, we totally ignored here the finitely
differentiable case, in which the proof of a Lasota—Yorke inequality become
more technical. The strategies that allow to deal with this difficulty with the
kind of spaces that we used here are described for instance in [BallS].

Let us give now a few references that are potential entry doors to the liter-
ature on hyperbolic dynamics using spaces of anisotropic distributions. There
are plenty of possible constructions of spaces of anisotropic distributions, a
panorama of these different methods is given in [Ball7]. We gave in this mini-
course a pedestrian approach of the spaces constructed via microlocal analysis.
A more elaborated exposition may be found in [FRS08| [Ball8] in the case of
Anosov diffeomorphisms or in [FS11] [DZ16] for flows. For more geometric con-
structions, one can refer to [GLOG, [(GL0O8, BL07, BL13]. More introductory
expositions may be found in [Liv19, [DKL21l [Demi8]. Notice that the lat-
ter focuses on spaces that allow to study hyperbolic dynamical systems with
some singularities (for more advanced references on this topic, see for instance
IDLO08, [DZ14l [DZ11l [DZ13]).
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